Qi = 'k(ql, ***qk, Pl, * Pk) Pi = *i(ql. ** qk, Pl, ***Pk), (1) provided that the quantity 2(PiSQi-
The system is further restricted in that the only stable motions are those for which
the integration being carried over a complete cycle of motion of the coordinate qi, and ni being an integer or zero.
The particular motions for which P2 = 0, r = const. (corresponding to n2 = 0) constitute the original Bohr atom with circular orbit. The more general collection of motions, in which n, and n2 take on arbitrary values, VOL. 9, 1923 constitute the system with elliptical orbits, in which an elementary transformation allows us to take account of the motion of the nucleus, and a modification of the equations by Sommerfeld, in which the n1 and n2 are finally separated in the formula for energy, produces the fine structure of radiation. (6) is discontinuous. In fact, the equivalence is not otherwise possible.
Consider any dynamically quantized system of k degrees of freedom which is periodic, i.e., such that for a "stable motion" the system returns to itself after a time r: qi(t + T) = qi(t), pi(t + r) = pi(t), 2 f psdqi = 2 nih, (10) with not all the ni zero. Let (A) represent a contact transformation (1) in which the 4'i and TI are continuous functions of their arguments.
Then the corresponding motion of the transformed system is also periodic with period r and the expression in the second of equations (10) is an integral invariant (relative) of the system; and therefore the equation 2f f pdqi = 2z f P4dQi (10') holds for the actual motions.
A statically quantized system (one therefore with quantized forces) may be defined as one in which the stable situations satisfy the conditions Pi = 0, Qi = const. These however cannot be the transforms of dynamically quantized situations by any transformation (A) since in that case, by (10) and (10') all the n, would have to be zero in the original system.
The same result is true even if the original or final systems, or both, have angular coordinates, i.e., if (as in the Bohr system) we have the equations qi(t + r) qi(t) + 27r, i=1, 2, . . 1 ky qi(t +r) =qi(t), i = I + 1, 1 +2, ... ,kV Pi(t + r) = pM(), i = 1, 2, . .., k.
In fact, if we make the contact transformation qi = /pji cos qi, Pi = -2\i sin qi, i-1,2,
we obtain a system without angle co6rdinates, in which, as is verified at once by the calculation of the function W, the trajectories which correspond to the quantized ones in the original system are again dynamically quantized, and with the same integers:
pf J4dq, =2 mih, mi = ni=1, 2,... ,k.
If now we denote the inverse of the transformation (C) by (C-1), the transformation from the q,p system to the Q,P system can be made by one of the following sequences of transformations: CAC-1, CA, AC-1, as a result of which we are still able to deduce ; Pi PdQi. * O.
6. Transferance Processes.-The system which we have investigated is merely that one which is adaptable to the discussion of radiation. But in any system where there are quantized ignorable coordinates, these may be replaced by means of transformations (6) with quantized forces, and thus such a force may be introduced into a discussion of the Stark and Zeeman effects.
It is of more importance to notice that any contact transformation can itself be produced by an appropriate dynamical process.3 In other words, it is always possible to construct or suppose a mechanical system whose processes will actually carry the p,q-system into the P,Q-system, and by assuming such a system as adjoined to the model of the atom to consider -the Bohr and Langmuir models as different states of the same atom. Thus it is entirely legitimate for the physicist to consider the atom as a Bohr atom for the phenomenon of radiation, tLnd as a Langmuir atom in the presence of chemical phenomena, the transformation from one to the other being imagined as an actual mechanical process. Such a process may be called a transferance process.
The mathematician will perhaps prefer to regard the atom merely as a sequence of events in a certain canonical process, given by equations, without regarding it as necessary to consider any given set of variables qi as specifically configurational coordinates, and the corresponding pi as specifically their momenta.
Summary.-The author considers the Bohr atom and the Langmuir atom with a quantized force, in regard to the question as to whether the "events" of one system are equivalent to the "events" of the other, and shows that although one system cannot be the transform of the other by any continuous contact transformation, both are however equivalent by a valid transformation which is a contact transformation locally, but not in extenso. In particular, Langmuir's completely static atom is equivalent to the Bohr atom with circular orbit;
The question of reality and preference is discussed in terms of transference processes, which carry one system into the other.
I The more general contact transformation Qi = C(ql, *, qk,i o . . ., kp) t3, Pi = i(ql, ....k, P, . pk, t) with W = W(ql, . qk, pi, Pk, t), leads to the equation K = H -(W/3t), p,t + 0 (t). Hence energy levels will not be preserved identically for corresponding trajectories in the two systems unless iw/&t is a function of t alone. In this case, the 'Zi, is are independent of t, and the transformation reduces to (1).
It may be remarked that any two systems of k degrees of freedom are equivalent by some contact transfortnation. Such a transformation will usually involve the t. But even then our problem is different, since we must transform two systems one into the other in such a way that certain trajectories in one system go into certain definite trajectories in the other.
2 I Langmuir, Physic. Rev., Ithaca, 18, p. 104, Aug. 1921 . 3The canonical equations of this process may be found by constructing a HamiltonJacobi function N in terms of the function W of (1') and the Hamilton-Jacobi function, say V, of the p,q-system, In fact, the transformation from the p,q-system with values 0l,. 
